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This Article investigates dissipative
preparation of entangled non-equilibrium
steady states (NESS). We construct a col-
lision model where the open system con-
sists of two qubits which are coupled to
heat reservoirs with different tempera-
tures. The baths are modeled by se-
quences of qubits interacting with the open
system. The model can be studied in dif-
ferent dynamical regimes: with and with-
out environmental memory effects. We
report that only a certain bath temper-
ature range allows for entangled NESS.
Furthermore, we obtain minimal and max-
imal critical values for the heat current
through the system. Surprisingly, quan-
tum memory effects play a crucial role in
the long time limit. First, memory effects
broaden the parameter region where quan-
tum correlated NESS may be dissipatively
prepared and, secondly, they increase the
attainable concurrence. Most remarkably,
we find a heat current range that does not
only allow but guarantees that the NESS
is entangled. Thus, the heat current can
witness entanglement of non-equilibrium
steady states.
1 Introduction
Entanglement is one of the key resources for
quantum information processing and quantum
technologies [2]. It is known to be a fragile
property of multipartite quantum states which
is easily lost due to thermal fluctuations or de-
coherence emerging from the unavoidable cou-
pling of the system of interest to external de-
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grees of freedom. One may try to counter-
act the dissipative effecs to protect the frag-
ile quantum properties [48, 49] or utilize them
as a part of the state preparation procedure
[5, 30, 32, 36, 44, 46, 51, 52, 58, 59].
In this Article, we investigate quantum corre-
lations in dissipatively prepared non-equilibrium
steady states (NESS). While the field of equi-
librium quantum thermodynamics is well estab-
lished [10, 24], non-equilibrium thermodynamics
is rapidly developing. Concepts such as quantum
fluctuation theorems [1, 3, 17, 19, 45, 47], ther-
modynamic uncertainty relations [6, 20, 28, 29],
and quantum heat engines [11, 18, 22, 53, 56, 57]
but also the basic definitions of work and heat
in quantum systems and the fundamental differ-
ences from their classical counterparts are still
under debate [9, 23, 25, 43, 54].
One way to prepare a non-equilibrium steady
state is to couple an open system to two heat
reservoirs with differing temperatures and letting
the open system relax. Due to the temperature
difference of the heat reservoirs, a typical char-
acteristic of the NESS is a persistent heat cur-
rent through the open system [7, 13, 40]. We
investigate such a scenario by coupling an open
quantum system, consisting of two qubits, to a
hot and a cold thermal reservoir. We use colli-
sion models, which have become a very popular
tool to analyze open quantum system dynamics
in recent years [4, 15, 27, 55]. They provide a
transparent approach for describing the dynam-
ics of quantum correlations between the open
system and its environment [8, 21, 42], which is
particularly interesting for the understanding of
non-Markovian quantum dynamics [12, 16, 33].
Another growing field of applications for colli-
sion models are quantum transport phenomena,
which also include energy transport due to heat
currents [31, 34, 38, 41].
In this Article, we especially study how mem-
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ory effects in the relaxation dynamics influence
the quantum correlations of the NESS. In gen-
eral, the occurrence of entanglement in the NESS
is restricted to certain temperature regions of
the heat baths and requires a critical minimal
heat current, as reported in [31]. However, in
our model also a maximal critical value for the
heat current exists beyond which the NESS is
necessarily separable again. We find that mem-
ory effects increase these parameter regions, thus,
allowing for a build-up of entanglement for tem-
peratures and heat currents which would always
lead to a separable NESS in the memoryless case.
This allows to certify memory effects in the re-
laxation dynamics from the steady state proper-
ties of the system. Analyzing the relation be-
tween the heat current and the maximal possible
concurrence in the NESS, we observe a further
surprising feature emerging from the memory ef-
fects. Namely, certain heat current values do not
only allow but guarantee that the corresponding
NESS is entangled.
The outline of the remainder of this Article is
the following. In Sec. 2 we describe our collision
model. Then in Sec. 3 we analyze the memoryless
case. Memory effects are included in Sec. 4 be-
fore we study the relation between entanglement
and heat current in Sec. 5. We present our final
conclusions in Sec. 6.
2 Collision model
In this work, we investigate a two-qubit system
S = S1+S2 with Hamiltonian HS = ω2 (σS1z +σS2z )
which couples to two thermal reservoirs B1 and
B2 with temperatures T1 and T2. In the frame-
work of collision models, the reservoirs are mod-
eled as products of qubit subenvironments where
each subenvironment interacts only once with
the system (see Fig. 1). By Bn1,2 we denote
the nth subenvironment in B1 or B2, respec-
tively. The local Hamiltonian for each suben-
vironmental qubit is given by HBn1,2 =
ω
2σz. The
subenvironments are initially in a thermal state
ξ1,2 = 12(1+z1,2 σz), where z1,2 ∈ [−1, 0] are tem-
perature parameters related to the Boltzmann
factor of the respective temperatures T1 and T2
[50]:
z = 1− e
ω
kBT
1 + e
ω
kBT
. (1)
A value of z = −1 corresponds to T = 0 K, while
z = 0 is equivalent to T →∞. Thus, the state of
each subenvironment before the collision is given
by
ξ = ξ1 ⊗ ξ2 = 12(1 + z1 σz)⊗
1
2(1 + z2 σz). (2)
For z1,2 ∈ (0, 1] the subenvironment qubit is in a
population inverted state and we call such a state
an inverted thermal state in this Article.
We additionally introduce two memory qubits
M1 and M2 which are not discarded in be-
tween the collisions and, thus, allow information
to propagate over the sequence of system-bath
interactions. Each collision model step consists
of an inner-system transformation mediated by
U, which is followed by an interaction between
each of the system qubits with its respective bath.
With a probability (1−p), the subenvironmental
qubit Bni couples directly via Wi to the system
qubit Si. With a probability p, Bni couples via W˜i
to the respective memory qubit Mi, which then
interacts via the operation Yi with Si. For p = 1,
this model is equivalent to the collision model
presented in [33], where system environment cor-
relations are propagated by swapping the ”col-
lided” and ”fresh” subenvironment in between
system-environment interactions. For p > 0, the
collision model is closely related to the models
presented in [14, 39], where the swapping is done
probabilistically.
Figure 1: Sketch of the collision model. The two-qubit
system S1 + S2 couples to a sequence of hot and cold
reservoir subenvironments (B1,2). Dotted lines show
possible interactions. The interaction between S and
B can be either direct (with probability (1− p)) or me-
diated by memory qubits M1,2 (with probability p).
The interactions are given by the excitation
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number conserving unitary operators
U = US1S2 = e−iΩ∆t[σ+⊗σ−+σ−⊗σ+],
Wi = WBiSi = e−i
√
Γi∆t[σ+⊗σ−+σ−⊗σ+],
W˜i = W˜BiMi = e−i
√
Γi∆t[σ+⊗σ−+σ−⊗σ+],
Yi = YSiMi = e−iΥi∆t[σ+⊗σ−+σ−⊗σ+],
(3)
where Ω,Γ1,2,Υ1,2 are the respective coupling
strengths and ∆t is the duration of one collision.
The probability that one of the two system qubits
couples via the memory qubit in a given collision
model step is independent from the type of inter-
action that is undergone by the other qubit. We,
thus, have four possible one-step maps for the
evolution of the joint state ρSM of the system
and the memory qubits. We define the operators
T1 = W˜1Y1W˜2Y2U,
T3 = W˜1Y1W2U,
T2 = W1W2U,
T4 = W1W˜2Y2U,
(4)
where T1 describes the coupling via both mem-
ory qubits, T2 the direct coupling between system
and the reservoirs and the T3,4 describe the sce-
narios, in which one system qubit couples directly
to the reservoir while the other one couples via
its memory qubit. The four one-step maps are,
thus, given by
Ei[ρSM] = TrB[Ti(ρSM ⊗ ξ)T†i ]. (5)
Therefore, the one step map for the evolution of
ρSM is the statistical mixture
ρn+1SM = E [ρnSM], (6)
E = p2E1 + (1− p)2E2 + p(1− p)[E3 + E4]. (7)
The model is, by construction, discrete in time.
However, the different scaling in ∆t in Eq. (3) is
chosen such that a time-continuous limit of the
dynamics can be derived [15]. By expanding the
map in Eq. (6) up to first order in ∆t and tak-
ing the limit ∆t → 0, we obtain the following
4-qubit Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equation governing the dynamics
of system and memory together [26, 37]:
ρ˙SM(t) = −i[ΩσS1S2int + p
2∑
k=1
ΥkσSkMkint , ρSM(t)]
+(1− p)
2∑
k=1
Γk
(
z−k D[σ-Sk ] + z+k D[σ+Sk ]
)
ρSM(t)
+p
2∑
k=1
Γk
(
z−k D[σ-Mk ] + z+k D[σ+Mk ]
)
ρSM(t)
= LSM [ρSM(t)] . (8)
with z±k = (1±zk)/2, D[A]ρ = AρA†− 12(A†Aρ+
ρA†A), σint = (σ+⊗σ- +σ-⊗σ+) and the super-
scripts indicate the subsystems on which the op-
erators act.
3 Memoryless Case
We first consider the memoryless scenario
(p = 0), i.e., the system qubits always couple di-
rectly to the reservoir subenvironments by the
unitary transformations W1 and W2 and the
memory qubits M1 and M2 are not involved in
the interaction.
The dynamics of the system alone is then given
by the GKSL master equation
ρ˙S(t) =− iΩ[σ+ ⊗ σ− + σ− ⊗ σ+, ρS(t)]
+ Γ1(z−1 D[σ− ⊗ 1] + z+1 D[σ+ ⊗ 1])ρS(t)
+ Γ2(z−2 D[1⊗ σ−] + z+2 D[1⊗ σ+])ρS(t)
=L [ρS(t)] . (9)
As a consequence of Eq. (9), the evolution of the
system reads
ρS(t) = e(t−t0)L[ρS(t0)], (10)
with the generator L. For the further treatment
of the problem, we introduce the ratios γ1,2 be-
tween the system-bath and the inner-system cou-
pling:
γ1,2 = Γ1,2/Ω. (11)
3.1 Steady state
The steady state ρ∞S of the open system satisfies
L[ρ∞S ] = 0. (12)
It follows directly from the form of the generator
L in Eq. (9), that this steady state only depends
on the two ratios γ1,2. For γ1,2 > 0, the system
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has a unique steady state ρ∞S (z1,2, γ1,2) which is
reached in the limit t → ∞. This steady state
can be written as
ρ∞S = ρ∞S1 ⊗ ρ∞S2 + χ, (13)
with the local reduced states of the two qubits
ρ∞S1,2 and the matrix
χ =

−η2 0 0 0
0 η2 iη 0
0 −iη η2 0
0 0 0 −η2
 , (14)
with the real valued function
η = (z1 − z2) γ1γ2(γ1 + γ2)(γ1γ2 + 4) . (15)
χ describes the correlations arising between the
two subsystems in the computational basis. We
find that in the steady state regime the local
states of the two system qubits are thermal states
themselves:
ρ∞S1,2 = TrS2,1 [ρ
∞
S ] =
1
2(1 + s1,2 σz). (16)
The parameters s1,2 given by
s1 = z1 − 4 η
γ1
, s2 = z2 + 4
η
γ2
, (17)
describe the temperatures of the individual
qubits S1 and S2. For z1 ≶ z2 (i.e., T1 ≶ T2)
a temperature gradient can be observed:
z1 ≶ s1 ≶ s2 ≶ z2. (18)
As can be directly seen from the equations above,
for z1 = z2 no correlations build up and the
steady state is just the thermalized product state
ρ∞S (z1 = z2) = ξ1 ⊗ ξ1 = ξ2 ⊗ ξ2. (19)
Another limit is reached for γ1, γ2  1 (i.e., the
system-bath coupling is much stronger than the
inner-system coupling), in which case we observe
η → 0 and
ρ∞S (γ1, γ2  1) ≈ ξ1 ⊗ ξ2. (20)
Although this might be an expected result, it
interestingly still holds if just one of the two
system-bath couplings is chosen to be much
stronger than the inner-system coupling, in which
case not just the strongly coupled qubit almost
thermalizes with its bath, but also the state of
the second system qubit shifts towards the ther-
mal state of the subenvironment it couples to.
3.2 Heat current
Due to the coupling of the two-qubit open system
to thermal reservoirs, heat is transferred between
the baths and the system. As pointed out in [35],
the heat exchanged between the system and the
reservoirs during one collision can be seen as the
energy change in the subenvironment qubits tak-
ing part in the interaction. With the Hamiltonian
HBn1 for the n-th qubit in B1 and the operator T2
in Eq. (4), the change of energy in B1 during the
n-th interaction with the system is given by
∆En1 = Tr
[
HBn1 (Λ
n[ξn1 ]− ξn1 )
]
, (21)
with
Λn[ξn1 ] = TrS,B2 [T2(ρn−1S ⊗ ξn)T†2] (22)
being the quantum channel for the nth environ-
mental qubit interacting with the system. When
the system has reached the steady state ρ∞S we
find in the time-continuous limit
lim
∆t→0
∆E∞1
∆t =
˙˜
Q1 = −2
(z1 − z2)ωΩ γ1γ2
(γ1 + γ2)(γ1γ2 + 4)
= −2ωΩ η.
(23)
Analogously, we find for B2
˙˜
Q2 = − ˙˜Q1. (24)
Throughout the rest of the Article we analyze the
scaled heat current
Q˙ =
˙˜
Q
ωΩ . (25)
From Eqns. (23) and (24) we can immediately
see that the heat current follows the temperature
gradient between the two baths (i.e., Q˙1 ≶ 0 for
T1 ≷ T2) and grows with increasing temperature
difference between the two baths as we would ex-
pect. The largest heat current between the two
baths is achieved for γ1 = γ2 = 2, i.e., the case
in which the coupling between the system qubits
and the respective reservoirs is twice as strong as
the inner-system coupling:
∣∣Q˙∣∣max =
∣∣∣∣14 (z1 − z2)
∣∣∣∣. (26)
In analogy to Sec. 3.1, we can also observe that
for γ1  1 the value of
∣∣Q˙∣∣max decreases as 1/γ1,
leading to a heat insulating effect for the two
qubit system. The same result holds for γ2  1.
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3.3 Steady state entanglement of the system
The matrix χ in Sec. 3.1 describes the correla-
tions between the two open system qubits. Nat-
urally, the question arises under which circum-
stances the two qubits are entangled in the steady
state.
As can be seen from Eqns. (13) and (14), the
steady state of the two-qubit system is an X-state
with ρ14 = ρ41 = 0. Thus, the concurrence of the
steady state is given by [60]
C = 2 ·max{0, |ρ23| − √ρ11ρ44}, (27)
and is a function of the temperatures z1,2 and
the coupling parameters γ1,2. In order to investi-
gate which bath temperatures lead to an entan-
gled NESS, we numerically optimize γ1,2 to find
the maximum concurrence Cmax for given values
z1,2. The results are visualized in Fig. 2. The
hatched area corresponds to the region in which
the environmental baths are in thermal states
(z1,2 ∈ [−1, 0]), while in the non-hatched area
at least one of the reservoirs consists of qubits in
inverted thermal states (with zi ∈ (0, 1]).
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Figure 2: Largest possible concurrence in the steady
state for given z1,2. The black line corresponds to the
boundary for pairs (z1, z2) for which Cmax = 0. For each
pair of bath temperatures z1 and z2 the coupling param-
eters are numerically optimized to achieve the maximum
concurrence. The hatched area highlights the region in
which the bath qubits ξ1, ξ2 are in thermal states.
We find that steady state entanglement can be
created for all pairs (z1, z2) satisfying
z1z2 +
√
9
8 |z1 − z2| > 1. (28)
Thus, above (below) the boundary
z±2 =
4± 3√2 z1
4 z1 ± 3
√
2
(29)
the values of γ1 and γ2 can be chosen such that
the NESS is entangled (see Fig. 2). The pa-
rameters yielding the boundary Cmax = |ρ23| −√
ρ11ρ44 = 0 are given by
γ±1 =
2√
2± z1
, γ±2 = 4
√
2− γ±1 . (30)
In the next Section we will see that memory ef-
fects in the relaxation dynamics can increase the
correlations in the NESS.
4 Coupling with Memory
In what follows, the memory qubits M1,2 are
taken into account in the collision model (p > 0).
We will investigate to what extent dynamical
memory effects have an influence on the entan-
glement in the non-equilibrium steady state of
our heat transport model. As shown earlier, en-
tanglement in the NESS is only possible in a cer-
tain temperature regime. As we will see, memory
effects can increase the parameter region where
entanglement can occur.
For p > 0 the dynamics of the open system, in
general, cannot be described by a GKSL master
equation but could be obtained from the 4-qubit
evolution of S andM by tracing out the memory
qubits
ρS(t) = TrM[ρSM(t)]. (31)
However, we are only interested in the steady
state. Therefore, we compute the steady state
ρ∞SM of the 4-qubit GKSL dynamics (Eq. (8))
and recover the system steady state as ρ∞S =
TrM[ρ∞SM]. A closed analytical solution cannot
be given for an arbitrary choice of the model pa-
rameters and, thus, the results for the case with
memory have been evaluated numerically.
4.1 Steady state entanglement
In analogy to the approach in Sec. 3.3, we ana-
lyze the entanglement that can be generated be-
tween the two qubits S1 and S2 in the steady
state regime. By optimizing the coupling param-
eters
γ1,2 = Γ1,2/Ω, υ1,2 = Υ1,2/Ω, (32)
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to maximize the concurrence between S1 and S2
for a fixed pair of environmental temperature pa-
rameters (z1, z2), we obtain Fig. 3. We observe
that the region of pairs (z1, z2) in which entangle-
ment can be created (Cmax > 0) monotonically
increases with p. The value of the concurrence
achievable for a fixed pair (z1, z2) is higher than
in the case of the memoryless coupling (Fig. 2)
considered before. In fact, for all pairs (z1, z2),
the reachable entanglement Cmax between the
two system qubits grows also monotonically with
p and is maximal for p = 1. Thus, the entan-
glement in the steady state can witness mem-
ory effects in the environment if the concurrence
reaches values beyond the limit attainable by the
memoryless scenario.
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Figure 3: The dashed lines indicate how the boundary of
the region where entangled NESS are feasible changes
with the memory parameter p. The density plot of the
maximum concurrence Cmax corresponds to the case of
full memory p = 1. Cmax is obtained by numerically
optimizing all coupling parameters in the model for the
given temperatures (z1, z2).
5 Relation between heat current and
entanglement
We have seen a clear connection between the
reachable steady state entanglement Cmax and
the memory parameter p, always with respect
to a fixed pair of bath temperatures z1,2. Even
though this gives insight for which temperatures
one can expect to find entanglement in the steady
state at all, the correct temperature regime is, of
0.00 0.10 0.20 0.30
0.0
0.2
C
z2 =  1
Bdy. for scenario w. memory (p = 1)
Memoryless case (p = 0)
0.00 0.10 0.20 0.30
0.0
0.2
C
z2 =  0.975
0.00 0.10 0.20 0.30
|Q˙|
0.0
0.2
C
z2 =  0.95
Figure 4: The blue area depicts all possible pairs
(|Q˙|, C) of steady state heat current vs. concurrence
for a fixed pair of temperatures in the memoryless sce-
nario. The dashed black line shows the boundary of
the area in the case with memory (p = 1) for the
respective temperatures. In all plots, z1 = 0, while
z2 ∈ {−1,−0.975,−0.95} (from top to bottom). The
red tick on the abscissa denotes the maximal heat cur-
rent |Q˙|max which can be obtained for the respective
choice of temperatures in the memoryless scenario (cf.
Eq. (26)). It is important to note that there are always
states with C = 0 for all 0 ≤ |Q˙| ≤ |Q˙|max.
course, not sufficient. For each pair of temper-
atures one can always find coupling parameters
which lead to a separable steady state (e.g., by
setting γ1,2 →∞).
Therefore, in order to get a better understand-
ing of how the energy transport influences the
quantum correlations in the NESS, we will now
investigate the relation between the reachable
steady state entanglement and the heat current
through the system. The definition of the heat
current is independent of the type of coupling
between the baths and, therefore, allows to com-
pare the cases with and without memory. More-
over, in both cases all interactions are excitation
preserving. This ensures that the different be-
haviour between the two cases does not rely on
some external energy input hidden in the differ-
ent interactions.
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5.1 Critical heat current
For the memoryless case we can already expect
from Eqns. (26) and (27) that the heat current
and the entanglement are related. To under-
stand which amount of concurrence C can be ob-
tained for a given heat current |Q˙|, we scan the
steady states for a large set of coupling param-
eters γ1,2 ∈ (0, 1000] and for fixed temperatures
z1 = 0 and z2 ∈ {−1,−0.975,−0.95}. The solid
blue area in Fig. 4 shows which concurrences can
be obtained in a memoryless scenario. For com-
parison, the dashed line gives the boundary for
the case with maximal memory (p = 1). As we
might expect already from previous considera-
tions, the memory effects enlarge the region that
supports NESS which are entangled. Crucially,
finite concurrence requires a finite heat current.
 1.00  0.99  0.98  0.97  0.96  0.95  0.94
z2
0.00
0.05
0.10
0.15
0.20
0.25
|Q˙
|
|Q˙|critmax
|Q˙|critmin
Figure 5: Critical heat current values as a function of
z2 for fixed z1 = 0 in the memoryless case. The hatch-
ing depicts the region for which we can potentially find
entangled steady states.
For a given pair of temperatures, there are crit-
ical values |Q˙|critmin and |Q˙|critmax that constrain the
heat current for which entanglement can form.
In general, these thresholds differ from the ex-
tremal heat currents
∣∣Q˙∣∣min = 0 and ∣∣Q˙∣∣max (see
Eq. (26)). In Fig. 5 we plot the critical values for
the memoryless case in dependence of the tem-
perature z2 for a fixed temperature z1 = 0.
5.2 Heat current as a witness for entanglement
The area in the C(|Q˙|) plot (Fig. 4) depends on
the choice of the temperatures z1,2 and is maxi-
mized for the largest possible temperature differ-
ence. In Fig. 6 we plot C(|Q˙|) again for the max-
imal thermal temperature difference (z1 = −1,
z2 = 0) in comparison to the non-thermal case
(z1 = −1, z2 = +1) for couplings with and with-
out memory. The non-thermal curve in Fig. 6 a)
(memoryless scenario) shows an overhang. Thus,
there are heat current values which can only
be obtained if the corresponding non-equilibrium
steady state is entangled. However, it has to be
noted that the second bath is not in a thermal
but in an inverted thermal state.
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0
0.2
0.4
C
a) Memoryless (p = 0)
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
|Q˙|
0.0
0.2
0.4
C
b) Memory (p = 1)
Numerical bdy.
Analyt. bdy. (cf. caption)
Non-thermal
Thermal
Figure 6: C(|Q˙|) areas for a) the memoryless scenario
and b) coupling with memory. The blue area corre-
sponds to the (|Q˙|, C)-values that can be reached by
steady states when coupled to thermal environments
(z1 = 0, z2 = −1), while the orange area depicts
the points that are obtained when the system cou-
ples to a thermal and an inverted thermal environment
(z1 = 1, z2 = −1). The hatching in b) highlights the
region where an overhang exists in the thermal regime.
The corresponding heat current interval ensures entan-
glement in the system. The solid black boundary is given
by |Q˙| = 15 (1 + 4C ∓
√
1− 2C − 4C2). The dotted
black lines are numerical boundaries obtained by finding
the extremal values of C for a fixed |Q˙|.
Fig. 6 b), where we consider the coupling with
memory (p = 1), shows interesting details. The
curves look similar to the memoryless case but
the heat current region for which entanglement is
possible increases and the reachable concurrence
is higher, as could be expected already from the
results of Sec. 3. Most remarkably, the overhang
now also shows up for the thermal case (both heat
reservoirs in thermal states). This means that
there is a certain range for the heat current which
guarantees that the steady state of the system is
entangled. An experimentally measurable heat
current could, therefore, witness entanglement in
the system if this suitable interval is reached.
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6 Conclusions
In this Article we investigate the heat flow
through a two-qubit open quantum system which
is in contact with two heat reservoirs at different
temperatures. Using a collision model approach,
we consider different types of couplings between
the system and the baths, implementing dynam-
ics with and without memory effects.
The focus of our work lies on the entanglement
content of non-equilibrium steady states of the
open quantum system. We show that entangle-
ment can only persist for a certain range of reser-
voir temperatures. Memory effects in the relax-
ation dynamics increase the temperature range
allowing for entanglement. Thus, steady state
entanglement can build up for temperature pairs
which would always lead to a separable steady
state in a memoryless scenario. Accordingly, the
occurrence of entanglement for those tempera-
tures serves as a witness for memory effects in
the relaxation dynamics.
The non-equilibrium steady state, its entangle-
ment, and the heat current strongly depend on
the concrete choices for the several coupling pa-
rameters in the model. For any pair of temper-
atures one can find coupling parameters which
lead to a separable NESS. However, maximum
entanglement and heat current are closely related
as we show in the second part of this Article. For
given temperatures, a critical minimum heat cur-
rent can be obtained which is necessary to allow
steady state entanglement at all. Interestingly,
in general, there is also an upper critical heat
current beyond which the corresponding steady
state is always separable.
Memory effects again broaden the range be-
tween the lower and upper bound. Additionally,
a surprising effect becomes visible in this sce-
nario. For heat current values close to the upper
critical limit, steady state entanglement is not
only possible but even necessary. Thus, observ-
ing suitable heat currents in such systems guar-
antees an entangled steady state irrespective of
any details about the couplings involved.
Our work shows that memory effects, which
are often studied rather in the context of dy-
namical phenomena, can play an important role
for the build-up of quantum correlations in non-
equilibrium steady states. Especially the heat
current interval which ensures entanglement can
be interesting for dissipative preparation of en-
tangled states.
Acknowledgments
The authors would like to thank Francesco Cic-
carello for illuminating discussions.
References
[1] Johan A˚berg. Fully Quantum Fluctua-
tion Theorems. Physical Review X, 8(1):
011019, February 2018. DOI: 10.1103/Phys-
RevX.8.011019.
[2] Antonio Ac´ın, Immanuel Bloch, Harry
Buhrman, Tommaso Calarco, Christo-
pher Eichler, Jens Eisert, Daniel Esteve,
Nicolas Gisin, Steffen J Glaser, Fedor
Jelezko, Stefan Kuhr, Maciej Lewenstein,
Max F Riedel, Piet O Schmidt, Rob
Thew, Andreas Wallraff, Ian Walmsley, and
Frank K Wilhelm. The quantum tech-
nologies roadmap: a european commu-
nity view. New Journal of Physics, 20
(8):080201, aug 2018. DOI: 10.1088/1367-
2630/aad1ea. URL https://doi.org/10.
1088%2F1367-2630%2Faad1ea.
[3] A´lvaro M. Alhambra, Lluis Masanes,
Jonathan Oppenheim, and Christopher
Perry. Fluctuating Work: From Quan-
tum Thermodynamical Identities to a Sec-
ond Law Equality. Physical Review X, 6
(4), October 2016. ISSN 2160-3308. DOI:
10.1103/PhysRevX.6.041017.
[4] Natacha Altamirano, Paulina Corona-
Ugalde, Robert B. Mann, and Mag-
dalena Zych. Unitarity, feedback, interac-
tions—dynamics emergent from repeated
measurements. New Journal of Physics, 19
(1):013035, 2017. ISSN 1367-2630. DOI:
10.1088/1367-2630/aa551b.
[5] M. C. Arnesen, S. Bose, and V. Vedral. Nat-
ural Thermal and Magnetic Entanglement
in the 1D Heisenberg Model. Physical Re-
view Letters, 87(1):017901, June 2001. DOI:
10.1103/PhysRevLett.87.017901.
[6] Andre C. Barato and Udo Seifert. Ther-
modynamic uncertainty relation for
biomolecular processes. Phys. Rev.
Lett., 114:158101, Apr 2015. DOI:
10.1103/PhysRevLett.114.158101. URL
8
https://link.aps.org/doi/10.1103/
PhysRevLett.114.158101.
[7] A. Bermudez, M. Bruderer, and M. B.
Plenio. Controlling and Measuring Quan-
tum Transport of Heat in Trapped-Ion
Crystals. Physical Review Letters, 111(4):
040601, July 2013. DOI: 10.1103/Phys-
RevLett.111.040601.
[8] Konstantin Beyer, Kimmo Luoma, and
Walter T. Strunz. Collision-model approach
to steering of an open driven qubit. Phys-
ical Review A, 97(3):032113, March 2018.
DOI: 10.1103/PhysRevA.97.032113. URL
https://link.aps.org/doi/10.1103/
PhysRevA.97.032113.
[9] Konstantin Beyer, Kimmo Luoma, and
Walter T. Strunz. Steering Heat En-
gines: A Truly Quantum Maxwell
Demon. Physical Review Letters, 123
(25):250606, December 2019. DOI:
10.1103/PhysRevLett.123.250606. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.123.250606.
[10] F. Binder, L.A. Correa, C. Gogolin, J. An-
ders, and G. Adesso. Thermodynam-
ics in the Quantum Regime: Fundamen-
tal Aspects and New Directions. Fun-
damental Theories of Physics. Springer
International Publishing, 2019. ISBN
9783319990460. URL https://books.
google.de/books?id=5uWPDwAAQBAJ.
[11] Patrice A. Camati, Jonas F. G. San-
tos, and Roberto M. Serra. Employing
non-Markovian effects to improve the per-
formance of a quantum Otto refrigerator.
Physical Review A, 102(1):012217, July
2020. DOI: 10.1103/PhysRevA.102.012217.
URL https://link.aps.org/doi/10.
1103/PhysRevA.102.012217. Publisher:
American Physical Society.
[12] Steve Campbell, Francesco Ciccarello,
G. Massimo Palma, and Bassano Vac-
chini. System-environment correlations and
Markovian embedding of quantum non-
Markovian dynamics. Physical Review A, 98
(1), July 2018. ISSN 2469-9926, 2469-9934.
DOI: 10.1103/PhysRevA.98.012142. URL
https://link.aps.org/doi/10.1103/
PhysRevA.98.012142.
[13] C. Charalambous, M. A. Garcia-March,
M. Mehboudi, and M. Lewenstein. Heat
current control in trapped Bose–Einstein
Condensates. New Journal of Physics, 21
(8):083037, August 2019. ISSN 1367-2630.
DOI: 10.1088/1367-2630/ab3832. URL
https://doi.org/10.1088%2F1367-2630%
2Fab3832. Publisher: IOP Publishing.
[14] F. Ciccarello, G. M. Palma, and V. Gio-
vannetti. Collision-model-based approach
to non-markovian quantum dynamics.
Phys. Rev. A, 87:040103, Apr 2013.
DOI: 10.1103/PhysRevA.87.040103. URL
https://link.aps.org/doi/10.1103/
PhysRevA.87.040103.
[15] Francesco Ciccarello. Collision models in
quantum optics. Quantum Measurements
and Quantum Metrology, 4, 12 2017. DOI:
10.1515/qmetro-2017-0007.
[16] Dario Cilluffo and Francesco Ciccarello.
Quantum non-markovian collision models
from colored-noise baths. In Bassano Vac-
chini, Heinz-Peter Breuer, and Angelo Bassi,
editors, Advances in Open Systems and
Fundamental Tests of Quantum Mechanics,
pages 29–40, Cham, 2019. Springer Interna-
tional Publishing. ISBN 978-3-030-31146-9.
[17] Gavin E. Crooks. Quantum operation
time reversal. Physical Review A, 77(3):
034101, March 2008. DOI: 10.1103/Phys-
RevA.77.034101.
[18] Arpan Das and Victor Mukherjee.
Quantum-enhanced finite-time Otto
cycle. Physical Review Research, 2(3):
033083, July 2020. ISSN 2643-1564. DOI:
10.1103/PhysRevResearch.2.033083. URL
https://link.aps.org/doi/10.1103/
PhysRevResearch.2.033083.
[19] Tiago Debarba, Gonzalo Manzano, Ye-
lena Guryanova, Marcus Huber, and
Nicolai Friis. Work estimation and work
fluctuations in the presence of non-ideal
measurements. New Journal of Physics, 21
(11):113002, November 2019. ISSN 1367-
2630. DOI: 10.1088/1367-2630/ab4d9d.
URL https://iopscience.iop.org/
article/10.1088/1367-2630/ab4d9d.
[20] Gianmaria Falasco, Massimiliano Espos-
ito, and Jean-Charles Delvenne. Unify-
ing thermodynamic uncertainty relations.
New Journal of Physics, 22(5):053046, May
2020. ISSN 1367-2630. DOI: 10.1088/1367-
2630/ab8679. URL https://doi.org/10.
9
1088%2F1367-2630%2Fab8679. Publisher:
IOP Publishing.
[21] S. N. Filippov, J. Piilo, S. Maniscalco, and
M. Ziman. Divisibility of quantum dynami-
cal maps and collision models. Physical Re-
view A, 96(3):032111, September 2017. DOI:
10.1103/PhysRevA.96.032111.
[22] Alexander Friedenberger and Eric Lutz.
When is a quantum heat engine quantum?
EPL (Europhysics Letters), 120(1):10002,
2017. ISSN 0295-5075. DOI: 10.1209/0295-
5075/120/10002.
[23] Luis Pedro Garc´ıa-Pintos, Alioscia Hamma,
and Adolfo del Campo. Fluctuations in
Extractable Work Bound the Charging
Power of Quantum Batteries. Physi-
cal Review Letters, 125(4):040601, July
2020. ISSN 0031-9007, 1079-7114. DOI:
10.1103/PhysRevLett.125.040601. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.125.040601.
[24] J. Gemmer, M. Michel, and G. Mahler.
Quantum Thermodynamics: Emergence
of Thermodynamic Behavior Within
Composite Quantum Systems. Lecture
Notes in Physics. Springer Berlin Heidel-
berg, 2004. ISBN 9783540229117. URL
https://books.google.de/books?id=
MqDUIvOCIgoC.
[25] John Goold, Marcus Huber, Arnau Ri-
era, L´ıdia del Rio, and Paul Skrzypczyk.
The role of quantum information in ther-
modynamics—a topical review. Journal
of Physics A: Mathematical and Theoret-
ical, 49(14):143001, April 2016. ISSN
1751-8113, 1751-8121. DOI: 10.1088/1751-
8113/49/14/143001.
[26] Vittorio Gorini, Andrzej Kossakowski, and
E. C. G. Sudarshan. Completely positive
dynamical semigroups of n-level systems.
Journal of Mathematical Physics, 17(5):
821–825, 1976. DOI: 10.1063/1.522979.
URL https://aip.scitation.org/doi/
abs/10.1063/1.522979.
[27] Giacomo Guarnieri, Daniele Morrone, Barıs¸
C¸akmak, Francesco Plastina, and Steve
Campbell. Non-equilibrium steady-states
of memoryless quantum collision mod-
els. Physics Letters A, 384(24):126576,
August 2020. ISSN 0375-9601. DOI:
10.1016/j.physleta.2020.126576. URL http:
//www.sciencedirect.com/science/
article/pii/S0375960120304436.
[28] Yoshihiko Hasegawa. Quantum Thermody-
namic Uncertainty Relation for Continuous
Measurement. Physical Review Letters, 125
(5), July 2020. ISSN 0031-9007, 1079-7114.
DOI: 10.1103/PhysRevLett.125.050601.
[29] Jordan M. Horowitz and Todd R. Gin-
grich. Thermodynamic uncertainty rela-
tions constrain non-equilibrium fluctuations.
Nature Physics, 16(1):15–20, Jan 2020.
ISSN 1745-2481. DOI: 10.1038/s41567-019-
0702-6. URL https://doi.org/10.1038/
s41567-019-0702-6.
[30] M. J. Kastoryano, F. Reiter, and A. S.
Sørensen. Dissipative preparation of
entanglement in optical cavities. Phys.
Rev. Lett., 106:090502, Feb 2011. DOI:
10.1103/PhysRevLett.106.090502. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.106.090502.
[31] Shishir Khandelwal, Nicolas Palazzo, Nico-
las Brunner, and Ge´raldine Haack. Crit-
ical heat current for operating an entan-
glement engine. New Journal of Physics,
2020. ISSN 1367-2630. DOI: 10.1088/1367-
2630/ab9983. URL http://iopscience.
iop.org/10.1088/1367-2630/ab9983.
[32] B. Kraus, H. P. Bu¨chler, S. Diehl, A. Kan-
tian, A. Micheli, and P. Zoller. Prepara-
tion of entangled states by quantum Markov
processes. Physical Review A, 78(4), Octo-
ber 2008. ISSN 1050-2947, 1094-1622. DOI:
10.1103/PhysRevA.78.042307.
[33] Silvan Kretschmer, Kimmo Luoma, and
Walter T. Strunz. Collision model for
non-Markovian quantum dynamics. Phys-
ical Review A, 94(1):012106, July 2016.
DOI: 10.1103/PhysRevA.94.012106. URL
https://link.aps.org/doi/10.1103/
PhysRevA.94.012106.
[34] Lei Li, Jian Zou, Hai Li, Bao-Ming Xu,
Yuan-Mei Wang, and Bin Shao. Effect of
coherence of nonthermal reservoirs on heat
transport in a microscopic collision model.
Physical Review E, 97(2):022111, February
2018. DOI: 10.1103/PhysRevE.97.022111.
[35] Lei Li, Jian Zou, Hai Li, Bao-Ming Xu,
Yuan-Mei Wang, and Bin Shao. Ef-
fect of coherence of nonthermal reser-
voirs on heat transport in a micro-
10
scopic collision model. Phys. Rev. E,
97:022111, 2 2018. DOI: 10.1103/Phys-
RevE.97.022111. URL https://link.aps.
org/doi/10.1103/PhysRevE.97.022111.
[36] Y. Lin, J. P. Gaebler, F. Reiter, T. R. Tan,
R. Bowler, A. S. Sørensen, D. Leibfried,
and D. J. Wineland. Dissipative produc-
tion of a maximally entangled steady state
of two quantum bits. Nature, 504(7480):
415–418, Dec 2013. ISSN 1476-4687. DOI:
10.1038/nature12801. URL https://doi.
org/10.1038/nature12801.
[37] G. Lindblad. On the generators
of quantum dynamical semigroups.
Comm. Math. Phys., 48(2):119–130,
1976. DOI: 10.1007/BF01608499.
URL https://projecteuclid.org:
443/euclid.cmp/1103899849.
[38] Salvatore Lorenzo, Alessandro Farace,
Francesco Ciccarello, G. Massimo Palma,
and Vittorio Giovannetti. Heat flux and
quantum correlations in dissipative cas-
caded systems. Physical Review A, 91(2):
022121, February 2015. DOI: 10.1103/Phys-
RevA.91.022121. URL https://link.aps.
org/doi/10.1103/PhysRevA.91.022121.
[39] Salvatore Lorenzo, Francesco Ciccarello, and
G. Massimo Palma. Class of exact memory-
kernel master equations. Phys. Rev. A, 93:
052111, May 2016. DOI: 10.1103/Phys-
RevA.93.052111. URL https://link.aps.
org/doi/10.1103/PhysRevA.93.052111.
[40] P. U. Medina Gonza´lez, I. Ramos-Prieto,
and B. M. Rodr´ıguez-Lara. Heat-flow
reversal in a trapped-ion simulator.
Physical Review A, 101(6):062108, June
2020. ISSN 2469-9926, 2469-9934. DOI:
10.1103/PhysRevA.101.062108. URL
https://link.aps.org/doi/10.1103/
PhysRevA.101.062108.
[41] Kaonan Micadei, John P. S. Peterson,
Alexandre M. Souza, Roberto S. Sarthour,
Ivan S. Oliveira, Gabriel T. Landi, Tiago B.
Batalha˜o, Roberto M. Serra, and Eric
Lutz. Reversing the direction of heat
flow using quantum correlations. Nature
Communications, 10(1):2456, June 2019.
ISSN 2041-1723. DOI: 10.1038/s41467-019-
10333-7. URL https://www.nature.com/
articles/s41467-019-10333-7. Number:
1 Publisher: Nature Publishing Group.
[42] C Pellegrini and F Petruccione. Non-
markovian quantum repeated interac-
tions and measurements. Journal of
Physics A: Mathematical and Theoret-
ical, 42(42):425304, sep 2009. DOI:
10.1088/1751-8113/42/42/425304. URL
https://doi.org/10.1088%2F1751-8113%
2F42%2F42%2F425304.
[43] Mart´ı Perarnau-Llobet and Raam Uzdin.
Collective operations can extremely reduce
work fluctuations. New Journal of Physics,
21(8):083023, August 2019. ISSN 1367-
2630. DOI: 10.1088/1367-2630/ab36a9.
URL https://iopscience.iop.org/
article/10.1088/1367-2630/ab36a9.
[44] M. B. Plenio, S. F. Huelga, A. Beige, and
P. L. Knight. Cavity-loss-induced gener-
ation of entangled atoms. Physical Re-
view A, 59(3):2468–2475, March 1999. DOI:
10.1103/PhysRevA.59.2468.
[45] Alexey E Rastegin. Non-equilibrium equal-
ities with unital quantum channels. Jour-
nal of Statistical Mechanics: Theory and
Experiment, 2013(06):P06016, June 2013.
ISSN 1742-5468. DOI: 10.1088/1742-
5468/2013/06/P06016.
[46] Florentin Reiter, L. Tornberg, Go¨ran Jo-
hansson, and Anders S. Sørensen. Steady-
state entanglement of two superconducting
qubits engineered by dissipation. Physical
Review A, 88(3):032317, September 2013.
DOI: 10.1103/PhysRevA.88.032317.
[47] P. H. Souto Ribeiro, T. Ha¨ffner, G. L.
Zanin, N. Rubiano da Silva, R. Medeiros
de Arau´jo, W. C. Soares, R. J. de Assis,
L. C. Ce´leri, and A. Forbes. Experimental
study of the generalized Jarzynski fluc-
tuation relation using entangled photons.
Physical Review A, 101(5):052113, May
2020. DOI: 10.1103/PhysRevA.101.052113.
URL https://link.aps.org/doi/10.
1103/PhysRevA.101.052113. Publisher:
American Physical Society.
[48] C. A. Ryan, J. S. Hodges, and D. G. Cory.
Robust decoupling techniques to extend
quantum coherence in diamond. Phys.
Rev. Lett., 105:200402, Nov 2010. DOI:
10.1103/PhysRevLett.105.200402. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.105.200402.
[49] Simeon Sauer, Clemens Gneiting, and
11
Andreas Buchleitner. Optimal coherent
control to counteract dissipation. Phys.
Rev. Lett., 111:030405, Jul 2013. DOI:
10.1103/PhysRevLett.111.030405. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.111.030405.
[50] Valerio Scarani, Ma´rio Ziman, Peter
Sˇtelmachovicˇ, Nicolas Gisin, and Vladimı´r
Buzˇek. Thermalizing quantum machines:
Dissipation and entanglement. Phys.
Rev. Lett., 88:097905, 2 2002. DOI:
10.1103/PhysRevLett.88.097905. URL
https://link.aps.org/doi/10.1103/
PhysRevLett.88.097905.
[51] S. Schneider and G. J. Milburn. Entan-
glement in the steady state of a collective-
angular-momentum (Dicke) model. Physical
Review A, 65(4):042107, March 2002. DOI:
10.1103/PhysRevA.65.042107.
[52] S. Shankar, M. Hatridge, Z. Leghtas, K. M.
Sliwa, A. Narla, U. Vool, S. M. Girvin,
L. Frunzio, M. Mirrahimi, and M. H. De-
voret. Autonomously stabilized entangle-
ment between two superconducting quan-
tum bits. Nature, 504(7480):419–422, De-
cember 2013. ISSN 1476-4687. DOI:
10.1038/nature12802.
[53] Paul Skrzypczyk, Nicolas Brunner, Noah
Linden, and Sandu Popescu. The small-
est refrigerators can reach maximal ef-
ficiency. Journal of Physics A: Math-
ematical and Theoretical, 44(49):492002,
2011. ISSN 1751-8121. DOI: 10.1088/1751-
8113/44/49/492002.
[54] Philipp Strasberg, Gernot Schaller, To-
bias Brandes, and Massimiliano Esposito.
Quantum and Information Thermodynam-
ics: A Unifying Framework Based on Re-
peated Interactions. Physical Review X, 7
(2):021003, April 2017. DOI: 10.1103/Phys-
RevX.7.021003.
[55] Philip Taranto, Simon Milz, Felix A.
Pollock, and Kavan Modi. Structure
of quantum stochastic processes with fi-
nite markov order. Phys. Rev. A, 99:
042108, Apr 2019. DOI: 10.1103/Phys-
RevA.99.042108. URL https://link.aps.
org/doi/10.1103/PhysRevA.99.042108.
[56] George Thomas, Nana Siddharth, Sub-
hashish Banerjee, and Sibasish Ghosh. Ther-
modynamics of non-Markovian reservoirs
and heat engines. Physical Review E, 97
(6), June 2018. ISSN 2470-0045, 2470-0053.
DOI: 10.1103/PhysRevE.97.062108.
[57] Raam Uzdin, Amikam Levy, and Ronnie
Kosloff. Equivalence of Quantum Heat Ma-
chines, and Quantum-Thermodynamic Sig-
natures. Physical Review X, 5(3):031044,
September 2015. DOI: 10.1103/Phys-
RevX.5.031044.
[58] Frank Verstraete, Michael M. Wolf, and
J. Ignacio Cirac. Quantum computation
and quantum-state engineering driven by
dissipation. Nature Physics, 5(9):633–636,
September 2009. ISSN 1745-2481. DOI:
10.1038/nphys1342.
[59] Stefan Walter, Jan Carl Budich, Jens Eisert,
and Bjo¨rn Trauzettel. Entanglement of na-
noelectromechanical oscillators by Cooper-
pair tunneling. Physical Review B, 88(3):
035441, July 2013. DOI: 10.1103/Phys-
RevB.88.035441.
[60] Ting Yu and J. H. Eberly. Evolution from
entanglement to decoherence of bipartite
mixed ”x” states. Quantum Info. Com-
put., 7(5):459–468, 7 2007. ISSN 1533-
7146. URL http://dl.acm.org/citation.
cfm?id=2011832.2011835.
12
